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INTRODUCTION

n Background: Many types of analyses make use of 2- dimensional 
images .... 

– Photographs

– Satellite images

– X-rays and other medical images 

n Many concepts from 1-D DSP are directly extensible to two 
dimensions, but some are not 
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INTRODUCTION

n Goals of this lecture: 
– To summarize basic 2-D relationships 

– To identify which concepts do or do not extend to 2-D 

– To discuss briefly 2-D filter design approaches 

n For further reading: 
– Two-Dimensional Signal and Image Processing by Jae Lim 

– Chapter Two-Dimensional Signal Processing by Lim in the edited book 
by Lim and Oppenheim on Advanced DSP (pseudo-text for ADSP)

– Many many other texts and resources
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Some examples of original and processed 
images

n Peppers …
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Effects of lowpass filtering

n Original image: n After lowpass filter:
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Effects of highpass filtering

n Original image: n After highpass filter:
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An example of nonlinear processing

n Original:                                     Enhancement via homomorphic
homomorphic filtering:
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Some examples of 2-D signals

n The unit sample function:

n The unit step function:

n The exponential function:

x[n1, n2] = ↵n
1�

n
2

<latexit sha1_base64="tbhA+IlwKiW7dWYEYpIBW5aVHV0=">AAACDXicbZBLSwMxFIUzPtv6GnUjuAlWwYWUmSJYF0LRjcsK9gHtOGTSTBuayQxJRqxDwbUb/4oILhRx696d4I8x03ahrQcCH+fey809XsSoVJb1ZczMzs0vLGayuaXlldU1c32jJsNYYFLFIQtFw0OSMMpJVVHFSCMSBAUeI3Wvd5bW69dESBryS9WPiBOgDqc+xUhpyzV3b5rctQ+4W3TgCYSwhVjURVfagy2PqJSKOdfMWwVrKDgN9hjy5a3b7+zd02nFNT9b7RDHAeEKMyRl07Yi5SRIKIoZGeRasSQRwj3UIU2NHAVEOsnwmgHc004b+qHQjys4dH9PJCiQsh94ujNAqisna6n5X60ZK7/kJJRHsSIcjxb5MYMqhGk0sE0FwYr1NSAsqP4rxF0kEFY6wDQEe/LkaagVC/Zh4fhCp1ECI2XANtgB+8AGR6AMzkEFVAEG9+ARvIBX48F4Nt6M91HrjDGe2QR/ZHz8AO1unI8=</latexit>

�[n1, n2] =

⇢
1, n1 = n2 = 0
0, otherwise

<latexit sha1_base64="BeBuUnSK4mysyf7guVliiVFF77o="></latexit>

u[n1, n2] =

⇢
1, n1 � 0, n2 � 0
0, otherwise

<latexit sha1_base64="nbLzJ9GQkTwjxROfSYDXVamhw14="></latexit>
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n Cosine functions:

n Note: A sequence is separable if 

Some examples of 2-D signals

x[n1, n2] = cos(!1n1 + �1) cos(!2n2 + �2)

<latexit sha1_base64="iwSokrt/DOpSInMxFQ+1kPmK6wc="></latexit>

x[n1, n2] = x1[n1]x2[n2]

<latexit sha1_base64="eccGpcr0vWjmK8Wts9gxjUahAD4=">AAACB3icbVDLSgMxFM3UV1tfo24EQYJFcCFlpgjWhVB047KCfcB0GDJppg3NZIYkI62l4MKNv+JGUBG3/oI7wY8x03ah1QMXTs65l9x7/JhRqSzr08jMzS8sLmVz+eWV1bV1c2OzLqNEYFLDEYtE00eSMMpJTVHFSDMWBIU+Iw2/d576jWsiJI34lRrExA1Rh9OAYqS05Jm7fYd79iH3Si48hbDv2enb7XslJ9U8s2AVrTHgX2JPSaGyffOVu306q3rmR6sd4SQkXGGGpHRsK1buEAlFMSOjfCuRJEa4hzrE0ZSjkEh3OL5jBPe10oZBJHRxBcfqz4khCqUchL7uDJHqylkvFf/znEQFZXdIeZwowvHkoyBhUEUwDQW2qSBYsYEmCAuqd4W4iwTCSkeX1yHYsyf/JfVS0T4qnlzqNMpggizYAXvgANjgGFTABaiCGsDgDjyAZ/Bi3BuPxqvxNmnNGNOZLfALxvs3+fOadA==</latexit>
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2-D LSI systems

n A system is linear if

n A system is shift invariant if for all k, l

n If a 2-D system is LSI, then

T
x[n1, n2]

<latexit sha1_base64="iHPn4L7foxIPrCTjChMjeN0/HpY=">AAAB8XicbVDLSgNBEOz1mcRX1IvgZTAIHiTsBsF4C3rxGME8MFmW2clsMmR2dpmZFeMS8CO8eFDEqzc/xZvgxzh5HDSxoKGo6qa7y485U9q2v6yFxaXlldVMNre2vrG5ld/eqasokYTWSMQj2fSxopwJWtNMc9qMJcWhz2nD71+M/MYtlYpF4loPYuqGuCtYwAjWRrq5awnPORZeyfXyBbtoj4HmiTMlhcre/Xf24eO86uU/252IJCEVmnCsVMuxY+2mWGpGOB3m2omiMSZ93KUtQwUOqXLT8cVDdGiUDgoiaUpoNFZ/T6Q4VGoQ+qYzxLqnZr2R+J/XSnRQdlMm4kRTQSaLgoQjHaHR+6jDJCWaDwzBRDJzKyI9LDHRJqScCcGZfXme1EtF56R4dmXSKMMEGdiHAzgCB06hApdQhRoQEPAIz/BiKevJerXeJq0L1nRmF/7Aev8B4h6TYA==</latexit>

y[n1, n2]

<latexit sha1_base64="bNdNlm7c9fpF0DxLmxDt/OkNEl8=">AAAB8XicbVDLSsNAFL2pr7a+qm4EN8EiuJCSFMG6K7pxWcE+MA1hMp20QyeTMDMRYij4EW5cKOLWnZ/iTvBjnD4W2nrgwuGce7n3Hj9mVCrL+jJyS8srq2v5QnF9Y3Nru7Sz25JRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P7wc++07IiSN+I1KY+KGqM9pQDFSWrpNHe7ZJ9yrul6pbFWsCcxFYs9Iub5//114+LhoeKXPbi/CSUi4wgxJ6dhWrNwMCUUxI6NiN5EkRniI+sTRlKOQSDebXDwyj7TSM4NI6OLKnKi/JzIUSpmGvu4MkRrIeW8s/uc5iQpqbkZ5nCjC8XRRkDBTReb4fbNHBcGKpZogLKi+1cQDJBBWOqSiDsGef3mRtKoV+7Ryfq3TqMEUeTiAQzgGG86gDlfQgCZg4PAIz/BiSOPJeDXepq05YzazB39gvP8A46uTYQ==</latexit>

ax1[n1, n2] + bx2[n1.n2] ) ay1[n1, n2] + by2[n1.n2]

<latexit sha1_base64="MPmneewrpOuy7mVUIsXDpOa4wlI="></latexit>

x[n1 � k, n2 � l] ) y[n1 � k, n2 � l]

<latexit sha1_base64="ww9N3kqWPkA3ZopXU/O/t6vt8jM=">AAACE3icbVC7SgNBFJ2NryS+ojaCzWAQREzYDYKxC9pYRjEPSJZldjJJhszOLjOz6roE/AQbf8TCxkIRWxs7wY9x8ihM4oELh3Pu5d573IBRqUzz20jMzS8sLiVT6eWV1bX1zMZmVfqhwKSCfeaLuoskYZSTiqKKkXogCPJcRmpu72zg166JkNTnVyoKiO2hDqdtipHSkpM5uG1wx8r1DrlTyDEbNi9pp6uQEP4NjCYtJ5M18+YQcJZYY5Itbd/9pO6fTstO5qvZ8nHoEa4wQ1I2LDNQdoyEopiRfroZShIg3EMd0tCUI49IOx7+1Id7WmnBti90cQWH6t+JGHlSRp6rOz2kunLaG4j/eY1QtYt2THkQKsLxaFE7ZFD5cBAQbFFBsGKRJggLqm+FuIsEwkrHmNYhWNMvz5JqIW8d5U8udBpFMEIS7IBdsA8scAxK4ByUQQVg8ACewSt4Mx6NF+Pd+Bi1JozxzBaYgPH5CzFen3I=</latexit>

�[n1, n2] ) h[n1, n2]

<latexit sha1_base64="EZG7kjWLa7BJBiY3CNcc16MD2OU=">AAACD3icbVDLSgNBEJyNryS+ol4EL4NB8SBhNwjGW9CLxyjmAcmyzE4myZDZ2WWmV4kh4Ad48Vdy8aCIV6/eBD/GyQPRaEFDUdVNd5cfCa7Btj+sxNz8wuJSMpVeXlldW89sbFZ0GCvKyjQUoar5RDPBJSsDB8FqkWIk8AWr+t2zkV+9ZkrzUF5BL2JuQNqStzglYCQvs99oMgGkLj3nUHp5FzcuebsDRKnwBne+ZS+TtXP2GPgvcaYkW9y+/UzdDU9LXua90QxpHDAJVBCt644dgdsnCjgVbJBuxJpFhHZJm9UNlSRg2u2P/xngPaM0cStUpiTgsfpzok8CrXuBbzoDAh09643E/7x6DK2C2+cyioFJOlnUigWGEI/CwU2uGAXRM4RQxc2tmHaIIhRMhGkTgjP78l9Syeeco9zJhUmjgCZIoh20iw6Qg45REZ2jEiojiu7RED2hZ+vBerRerNdJa8KazmyhX7DevgB4/56l</latexit>
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The convolution sum

n As in 1-D, we can represent an input as a linear combination of 
shifted and scaled delta functions producing …

n 1-D convolution:

n 2-D convolution:

y[n] =
1X

k=�1
x[k]h[n� k]

<latexit sha1_base64="qzVH9GktKc/LGNoptNO2jqsbgWk=">AAACEHicbVDLSsNAFJ34rPUVdelmsIhuWhIRrItCwY3LCvYBaSyT6aQdMpmEmYkYQvEL3PghggjiQhG3Lt35N04fC209cLmHc+5l5h4vZlQqy/o25uYXFpeWcyv51bX1jU1za7sho0RgUscRi0TLQ5IwykldUcVIKxYEhR4jTS84G/rNayIkjfilSmPihqjHqU8xUlrqmAepw91KWyZhJwsqxTblvkoHV+MOb5zA7Tu8GLgds2CVrBHgLLEnpFCtPt56zw+DWsf8ancjnISEK8yQlI5txcrNkFAUMzLItxNJYoQD1COOphyFRLrZ6KAB3NdKF/qR0MUVHKm/NzIUSpmGnp4MkerLaW8o/uc5ifLLbkZ5nCjC8fghP2FQRXCYDuxSQbBiqSYIC6r/CnEfCYSVzjCvQ7CnT54ljaOSfVw6vdBplMEYObAL9sAhsMEJqIJzUAN1gMEdeAKv4M24N16Md+NjPDpnTHZ2wB8Ynz9c76Em</latexit>

y[n1, n2] =
1X

k1=�1

1X

k2=�1
x[k1, k2]h[n1 � k1, n2 � k2]

<latexit sha1_base64="qDhoSverQ3bODzfn1bjpjiDEXHg="></latexit>
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Convolving separable functions

n If both x[n1,n2] and h[n1,n2] are separable, then

or

n In other words, if x and h are separable, the 2-D convolution 
becomes the product of two 1-D convolutions.  For finite sequences 
of length N, this reduces the number of multiplys from N4 to 2N2

y[n1, n2] =
1X

k1=�1

1X

k2=�1
x[k1, k2]h[n1 � k1, n2 � k2]

<latexit sha1_base64="qDhoSverQ3bODzfn1bjpjiDEXHg="></latexit>

=
1X

k1=�1

1X

k2=�1
x1[k1]x2[k2]y1[n1 � k1]y2[n2 � k2]

<latexit sha1_base64="4lP50Z8WJhR1iJRbRcMOxj23zyY="></latexit>

y[n1, n2] =
1X

k1=�1
x1[k1]y1[n1 � k1]

1X

k2=�1
x2[k2]y2[n2 � k2]

<latexit sha1_base64="5LJsdcTBtLvwuuoXxMP/eU3eqwA="></latexit>
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Some system properties

n A system is causal if

(This is not usually a big deal in 2-D)

n A system is stable if

h[n1, n2],= h[n1, n2]u[n1, n2]

<latexit sha1_base64="vwqWhROvn81XXp0kyP1EXSy1hkM=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBFclDJTCtaFUHDjsoJ9wHQYMmnahmYyQ5IRytAPcOOvuHGhiFs/wJ1/Y9oOPloPBE7OOZfkniDmTGnb/rRWVtfWNzZzW/ntnd29/cLBYUtFiSS0SSIeyU6AFeVM0KZmmtNOLCkOA07bwehq6rfvqFQsErd6HFMvxAPB+oxgbSS/UBy6wndKwq94JXSJfm4o+aYmZZftGdAycTJShAwNv/DR7UUkCanQhGOlXMeOtZdiqRnhdJLvJorGmIzwgLqGChxS5aWzZSbo1Cg91I+kOUKjmfp7IsWhUuMwMMkQ66Fa9Kbif56b6H7NS5mIE00FmT/UTzjSEZo2g3pMUqL52BBMJDN/RWSIJSba9Jc3JTiLKy+TVqXsVMsXN9VivZbVkYNjOIEzcOAc6nANDWgCgXt4hGd4sR6sJ+vVeptHV6xs5gj+wHr/AoE4mLw=</latexit>

1X

n1=�1

1X

n2=�1
|h[n1, n2]| < 1

<latexit sha1_base64="e8bKeO9m38Bhc5v3/AA2PQofnjw="></latexit>
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Difference equations for causal systems

n In 1 dimension:

n In 2 dimensions:

NX

k=0

aky[n� k] =
MX

l=0

blx[n� l]

<latexit sha1_base64="9mFdeYlQQpFzLpjZ31clQuZbwKE="></latexit>

N1X

k1=0

N2X

k2=0

ak1,k2y[n1 � k1, n2 � k2] =
N2X

l1=0

N2X

l2=0

bl1,l2x[n1 � l1, n2 � l2]

<latexit sha1_base64="yxuprmaZ6IIB5Ms41PK+n67TgX0="></latexit>
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The 2-D discrete-time Fourier transform

n In 1-D we have

n In 2-D we have

T
H(ej!)ej!n

<latexit sha1_base64="lhXKueWGPMa5B4rwwO0BHPV+0hM=">AAACBnicbVDLSgMxFM3UV62vqktRgkWomzIjgrqRgpsuK9gHtGPJpLdtbCYzJBmhDF258Rf0D9y4UMSt3+DOvzHTFtTWAxdOzrmX3Hu8kDOlbfvLSs3NLywupZczK6tr6xvZza2qCiJJoUIDHsi6RxRwJqCimeZQDyUQ3+NQ8/oXiV+7BalYIK70IATXJ13BOowSbaRWdreUh+v4phn40CXDQ4x/XlgMW9mcXbBHwLPEmZBcce8hwWO5lf1stgMa+SA05USphmOH2o2J1IxyGGaakYKQ0D7pQsNQQXxQbjw6Y4gPjNLGnUCaEhqP1N8TMfGVGvie6fSJ7qlpLxH/8xqR7py6MRNhpEHQ8UediGMd4CQT3GYSqOYDQwiVzOyKaY9IQrVJLmNCcKZPniXVo4JzXDi7NGmcozHSaAftozxy0AkqohIqowqi6A49oRf0at1bz9ab9T5uTVmTmW30B9bHN3vTnEE=</latexit>

ej!n

<latexit sha1_base64="T7Xm7H3nG10dpi0rqOECZp8SwSk=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyqoF404MVjBPOAZBNmJ73JmNmZZWZWCUv+w4sHRbz6Ef6BN//GycaDJhY0FFXddHcFMWfauO6Xk1tYXFpeya8W1tY3NreK2zt1LRNFoUYll6oZEA2cCagZZjg0YwUkCjg0guHVxG/cg9JMilszisGPSF+wkFFirNTB0Env2jKCPsFi3C2W3LKbAc8T74eULj+OM1S7xc92T9IkAmEoJ1q3PDc2fkqUYZTDuNBONMSEDkkfWpYKEoH20+zqMT6wSg+HUtkSBmfq74mURFqPosB2RsQM9Kw3Ef/zWokJz/yUiTgxIOh0UZhwbCSeRIB7TAE1fGQJoYrZWzEdEEWosUEVbAje7MvzpH5U9k7K5zduqXKBpsijPbSPDpGHTlEFXaMqqiGKFHpEz+jFeXCenFfnbdqac35mdtEfOO/fFO+Udg==</latexit>

T
ej!1n1ej!2n2

<latexit sha1_base64="CvzNRcIn0EBz1EYWe+td+Ta+iEM=">AAACD3icbZC7SgNBFIZn4y3GW9TSZjAoVmE3CmqjARvLCOYCybrMTs4mY2Znl5lZISx5AxtfxcZCEcHK1s63cXIpYuIPAz/fOYcz5/djzpS27R8rs7C4tLySXc2trW9sbuW3d2oqSiSFKo14JBs+UcCZgKpmmkMjlkBCn0Pd710N6/UHkIpF4lb3Y3BD0hEsYJRog7z8Idyl960ohA7xHCw8Z4DxFCoZVDLIyxfsoj0SnjfOxBQuP49Hqnj571Y7okkIQlNOlGo6dqzdlEjNKIdBrpUoiAntkQ40jRUkBOWmo3sG+MCQNg4iaZ7QeESnJ1ISKtUPfdMZEt1Vs7Uh/K/WTHRw5qZMxIkGQceLgoRjHeFhOLjNJFDN+8YQKpn5K6ZdIgnVJsKcCcGZPXne1EpF56R4fmMXyhdorCzaQ/voCDnoFJXRNaqgKqLoET2jV/RmPVkv1rv1MW7NWJOZXfRH1tcvnLadUQ==</latexit>

H(ej!1 , e
j!2)ej!1n1e

j!2n2

<latexit sha1_base64="8wZe3m0uWPJeHLUT4FJVbtr9/Pw=">AAACMXicbVDLSgMxFM3UV62vUZeCBItQQcpMEdSNFNx0WcE+oK0lk962sZnMkGSEMvRD9CPc+CfipgtF3PoTpo9FHx4InHvuudzc44WcKe04Qyuxsrq2vpHcTG1t7+zu2fsHZRVEkkKJBjyQVY8o4ExASTPNoRpKIL7HoeL1bkf9yhNIxQJxr/shNHzSEazNKNFGatqFQgYe4sd64EOHNN3BOcYzdW5wNle7WBjPvMVIOSM17bSTdcbAy8SdknT++HmEl2LTfq+3Ahr5IDTlRKma64S6EROpGeUwSNUjBSGhPdKBmqGC+KAa8fjiAT41Sgu3A2me0Hiszk7ExFeq73vG6RPdVYu9kfhfrxbp9lUjZiKMNAg6WdSOONYBHsWHW0wC1bxvCKGSmb9i2iWSUG1CTpkQ3MWTl0k5l3Uvstd3Jo0bNEESHaETlEEuukR5VEBFVEIUvaIP9Im+rDdraH1bPxNrwprOHKI5WL9/zS2r4A==</latexit>
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The 2-D discrete-time Fourier transform

n From the convolution sum definition we can obtain

and

T
ej!1n1ej!2n2

<latexit sha1_base64="CvzNRcIn0EBz1EYWe+td+Ta+iEM=">AAACD3icbZC7SgNBFIZn4y3GW9TSZjAoVmE3CmqjARvLCOYCybrMTs4mY2Znl5lZISx5AxtfxcZCEcHK1s63cXIpYuIPAz/fOYcz5/djzpS27R8rs7C4tLySXc2trW9sbuW3d2oqSiSFKo14JBs+UcCZgKpmmkMjlkBCn0Pd710N6/UHkIpF4lb3Y3BD0hEsYJRog7z8Idyl960ohA7xHCw8Z4DxFCoZVDLIyxfsoj0SnjfOxBQuP49Hqnj571Y7okkIQlNOlGo6dqzdlEjNKIdBrpUoiAntkQ40jRUkBOWmo3sG+MCQNg4iaZ7QeESnJ1ISKtUPfdMZEt1Vs7Uh/K/WTHRw5qZMxIkGQceLgoRjHeFhOLjNJFDN+8YQKpn5K6ZdIgnVJsKcCcGZPXne1EpF56R4fmMXyhdorCzaQ/voCDnoFJXRNaqgKqLoET2jV/RmPVkv1rv1MW7NWJOZXfRH1tcvnLadUQ==</latexit>

H(ej!1 , e
j!2)ej!1n1e

j!2n2

<latexit sha1_base64="8wZe3m0uWPJeHLUT4FJVbtr9/Pw=">AAACMXicbVDLSgMxFM3UV62vUZeCBItQQcpMEdSNFNx0WcE+oK0lk962sZnMkGSEMvRD9CPc+CfipgtF3PoTpo9FHx4InHvuudzc44WcKe04Qyuxsrq2vpHcTG1t7+zu2fsHZRVEkkKJBjyQVY8o4ExASTPNoRpKIL7HoeL1bkf9yhNIxQJxr/shNHzSEazNKNFGatqFQgYe4sd64EOHNN3BOcYzdW5wNle7WBjPvMVIOSM17bSTdcbAy8SdknT++HmEl2LTfq+3Ahr5IDTlRKma64S6EROpGeUwSNUjBSGhPdKBmqGC+KAa8fjiAT41Sgu3A2me0Hiszk7ExFeq73vG6RPdVYu9kfhfrxbp9lUjZiKMNAg6WdSOONYBHsWHW0wC1bxvCKGSmb9i2iWSUG1CTpkQ3MWTl0k5l3Uvstd3Jo0bNEESHaETlEEuukR5VEBFVEIUvaIP9Im+rDdraH1bPxNrwprOHKI5WL9/zS2r4A==</latexit>

H
�
e
j!1 , e

j!2
�
=

1X

n1=�1

1X

n2=�1
h[n1, n2]e

�j!1n1e
�j!2n2

<latexit sha1_base64="AJ+RatWxWQ9eVQhqn6Ck/qpu5Pw="></latexit>

h[n1, n2] =
1

(2⇡)2

Z 1

�1

Z 1

�1
H

�
e
j!1 , e

j!2
�
e
j!1n1e

j!2n2d!1d!2

<latexit sha1_base64="A5l+nWSngQtM/yYbngFYwGy9jVs="></latexit>
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The 2-D discrete-time Fourier transform

n Comments:

– is periodic with period 2π in ω1 and ω2

– If                   is separable,                              is as well, and 
computing the 2-D DTF becomes just a matter of computing the 
product of two 1-D DTFTs

– Convolution in time ó multiplication in frequency

H(ej!1 , e
j!2)

<latexit sha1_base64="kbsB1m1w0JeQNFSJfvrp6jbbQp4=">AAACB3icbVDJSgNBEO2JWxK3US+CIINBiCBhJgjGW9BLjhHMAkkMPZ2apE3PQnePEIcBD178FS+Cinj1F7wJfoyd5RATHxS8fq+Krnp2wKiQpvmtJRYWl5ZXkqn06tr6xqa+tV0VfsgJVIjPfF63sQBGPahIKhnUAw7YtRnU7P7F0K/dAhfU967kIICWi7sedSjBUkltfb+Uhevopum70MVtKz6eeuXjo7aeMXPmCMY8sSYkU9y9+0ndv5yX2/pXs+OT0AVPEoaFaFhmIFsR5pISBnG6GQoIMOnjLjQU9bALohWN7oiNQ6V0DMfnqjxpjNTpiQi7QgxcW3W6WPbErDcU//MaoXQKrYh6QSjBI+OPnJAZ0jeGoRgdyoFINlAEE07VrgbpYY6JVNGlVQjW7MnzpJrPWSe5s0uVRgGNkUR76ABlkYVOURGVUBlVEEEP6Am9ojftUXvW3rWPcWtCm8zsoD/QPn8BYIub+g==</latexit>

h[n1, n2]

<latexit sha1_base64="eGoWkhvhwY4IjMq36/2gBchfzhM=">AAAB8XicbVDLSgNBEOyNryS+ol4EL4NB8CBhNwjGW9CLxwjmgcmyzE5mkyGzs8vMrBCXgB/hxYMiXr35Kd4EP8bJ46CJBQ1FVTfdXX7MmdK2/WVllpZXVteyufz6xubWdmFnt6GiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf3A59pt3VCoWiRs9jKkb4p5gASNYG+m23xaecyK8susVinbJngAtEmdGitX9++/cw8dFzSt8droRSUIqNOFYqbZjx9pNsdSMcDrKdxJFY0wGuEfbhgocUuWmk4tH6MgoXRRE0pTQaKL+nkhxqNQw9E1niHVfzXtj8T+vneig4qZMxImmgkwXBQlHOkLj91GXSUo0HxqCiWTmVkT6WGKiTUh5E4Iz//IiaZRLzmnp/NqkUYEpsnAAh3AMDpxBFa6gBnUgIOARnuHFUtaT9Wq9TVsz1mxmD/7Aev8ByU6TUA==</latexit>

H(ej!1 , e
j!2)

<latexit sha1_base64="kbsB1m1w0JeQNFSJfvrp6jbbQp4=">AAACB3icbVDJSgNBEO2JWxK3US+CIINBiCBhJgjGW9BLjhHMAkkMPZ2apE3PQnePEIcBD178FS+Cinj1F7wJfoyd5RATHxS8fq+Krnp2wKiQpvmtJRYWl5ZXkqn06tr6xqa+tV0VfsgJVIjPfF63sQBGPahIKhnUAw7YtRnU7P7F0K/dAhfU967kIICWi7sedSjBUkltfb+Uhevopum70MVtKz6eeuXjo7aeMXPmCMY8sSYkU9y9+0ndv5yX2/pXs+OT0AVPEoaFaFhmIFsR5pISBnG6GQoIMOnjLjQU9bALohWN7oiNQ6V0DMfnqjxpjNTpiQi7QgxcW3W6WPbErDcU//MaoXQKrYh6QSjBI+OPnJAZ0jeGoRgdyoFINlAEE07VrgbpYY6JVNGlVQjW7MnzpJrPWSe5s0uVRgGNkUR76ABlkYVOURGVUBlVEEEP6Am9ojftUXvW3rWPcWtCm8zsoD/QPn8BYIub+g==</latexit>
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An example of frequency response

n The DTFT is separable and

!1

<latexit sha1_base64="/GreKD1RskK0O6fRqsYo0d4LIho=">AAAB8HicbVBNSwMxEJ2tX3W1WvXoJVgKnsquCNZbQRCPFeyHtEvJpmkbmmSXJCuUpb/CiwdFvHjwZ/gTvPlvzLY9aOuDgcd7M8zMC2POtPG8bye3tr6xuZXfdnd2C3v7xYPDpo4SRWiDRDxS7RBrypmkDcMMp+1YUSxCTlvh+CrzWw9UaRbJOzOJaSDwULIBI9hY6b4bCTrEPd/tFUtexZsBrRJ/QUq1wmdSvnbf673iV7cfkURQaQjHWnd8LzZBipVhhNOp2000jTEZ4yHtWCqxoDpIZwdPUdkqfTSIlC1p0Ez9PZFiofVEhLZTYDPSy14m/ud1EjOoBimTcWKoJPNFg4QjE6Hse9RnihLDJ5Zgopi9FZERVpgYm1EWgr/88ippnlX888rlrU2jCnPk4RhO4BR8uIAa3EAdGkBAwCM8w4ujnCfn1Xmbt+acxcwR/IHz8QN27JJw</latexit>

!2

<latexit sha1_base64="nJEzlI5o09nRSku7hw+oAbkmRRE=">AAAB8HicbVBNSwMxEJ31s65Wqx69BEvBU9ktgvVWEMRjBfsh7VKyadqGJpslyQpl6a/w4kERLx78Gf4Eb/4bs20P2vpg4PHeDDPzwpgzbTzv21lb39jc2s7tuLt7+f2DwuFRU8tEEdogkkvVDrGmnEW0YZjhtB0rikXIaSscX2V+64EqzWR0ZyYxDQQeRmzACDZWuu9KQYe4V3F7haJX9mZAq8RfkGIt/5mUrt33eq/w1e1LkggaGcKx1h3fi02QYmUY4XTqdhNNY0zGeEg7lkZYUB2ks4OnqGSVPhpIZSsyaKb+nkix0HoiQtspsBnpZS8T//M6iRlUg5RFcWJoROaLBglHRqLse9RnihLDJ5Zgopi9FZERVpgYm1EWgr/88ippVsr+efny1qZRhTlycAKncAY+XEANbqAODSAg4BGe4cVRzpPz6rzNW9ecxcwx/IHz8QN4cZJx</latexit>

a

<latexit sha1_base64="0Oh6wRJkwbITdUFpLGxkGyM7bIs=">AAAB6XicbZC7SgNBFIbPxluMt6ilIINBsAq7EjBWBmwsEzEXSJYwO5lNhszOLjOzQlhS2tlYKGLrS6TyIex8Bl/C2SSFJv4w8PH/5zDnHC/iTGnb/rIyK6tr6xvZzdzW9s7uXn7/oKHCWBJaJyEPZcvDinImaF0zzWkrkhQHHqdNb3id5s17KhULxZ0eRdQNcF8wnxGsjXWLc918wS7aU6FlcOZQuPqY1L4fjifVbv6z0wtJHFChCcdKtR070m6CpWaE03GuEysaYTLEfdo2KHBAlZtMJx2jU+P0kB9K84RGU/d3R4IDpUaBZyoDrAdqMUvN/7J2rP2ymzARxZoKMvvIjznSIUrXRj0mKdF8ZAATycysiAywxESb46RHcBZXXobGedEpFS9rdqFShpmycAQncAYOXEAFbqAKdSDgwyM8w4s1tJ6sV+ttVpqx5j2H8EfW+w+/8JFD</latexit>

�a

<latexit sha1_base64="WsyrexoBjGczCqbTE3ZmYQ0yRSM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArgvEW8CJ4iWgekCxhdjKbDM7OLDOzQljyCV48KOLVL/BTJBc/xLuzSQ6aWNBQVHXT3RXEnGnjul9Obml5ZXUtv17Y2Nza3inu7jW0TBShdSK5VK0Aa8qZoHXDDKetWFEcBZw2g/vLzG8+UKWZFHdmGFM/wn3BQkawsdLtCS50iyW37E6AFok3I6UqfH+Mx7nrWrf42elJkkRUGMKx1m3PjY2fYmUY4XRU6CSaxpjc4z5tWypwRLWfTk4doSOr9FAolS1h0ET9PZHiSOthFNjOCJuBnvcy8T+vnZiw4qdMxImhgkwXhQlHRqLsb9RjihLDh5Zgopi9FZEBVpgYm04Wgjf/8iJpnJa9s/LFjU2jAlPk4QAO4Rg8OIcqXEEN6kCgD4/wDC8Od56cV+dt2ppzZjP78AfO+w+SuZEK</latexit>

b

<latexit sha1_base64="KahWnZj8Hfa+jciLP4a78bJ/G0s=">AAAB6XicbZC7SgNBFIbPxluMt6ilIINBsAq7EjBWBmwsEzEXSJYwO5lNhszOLjOzQlhS2tlYKGLrS6TyIex8Bl/C2SSFJv4w8PH/5zDnHC/iTGnb/rIyK6tr6xvZzdzW9s7uXn7/oKHCWBJaJyEPZcvDinImaF0zzWkrkhQHHqdNb3id5s17KhULxZ0eRdQNcF8wnxGsjXXr5br5gl20p0LL4MyhcPUxqX0/HE+q3fxnpxeSOKBCE46Vajt2pN0ES80Ip+NcJ1Y0wmSI+7RtUOCAKjeZTjpGp8bpIT+U5gmNpu7vjgQHSo0Cz1QGWA/UYpaa/2XtWPtlN2EiijUVZPaRH3OkQ5SujXpMUqL5yAAmkplZERlgiYk2x0mP4CyuvAyN86JTKl7W7EKlDDNl4QhO4AwcuIAK3EAV6kDAh0d4hhdraD1Zr9bbrDRjzXsO4Y+s9x/BdZFE</latexit>

�b

<latexit sha1_base64="5cYL0bROayVOoxF41wCyEOXS58Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArgvEW8CJ4iWgekCxhdjKbDM7OLDOzQljyCV48KOLVL/BTJBc/xLuzSQ6aWNBQVHXT3RXEnGnjul9Obml5ZXUtv17Y2Nza3inu7jW0TBShdSK5VK0Aa8qZoHXDDKetWFEcBZw2g/vLzG8+UKWZFHdmGFM/wn3BQkawsdLtSVDoFktu2Z0ALRJvRkpV+P4Yj3PXtW7xs9OTJImoMIRjrdueGxs/xcowwumo0Ek0jTG5x33atlTgiGo/nZw6QkdW6aFQKlvCoIn6eyLFkdbDKLCdETYDPe9l4n9eOzFhxU+ZiBNDBZkuChOOjETZ36jHFCWGDy3BRDF7KyIDrDAxNp0sBG/+5UXSOC17Z+WLG5tGBabIwwEcwjF4cA5VuIIa1IFAHx7hGV4c7jw5r87btDXnzGb24Q+c9x+UPpEL</latexit>

H(ej!1 , e
j!2) =

⇢
1, |!1|  a, |!2|  b,

0, otherwise

<latexit sha1_base64="fi7rNZZLw8DMudaL79U+rpWzQsk="></latexit>

h[n1, n2] =
sin(an1)

⇡n1

sin(bn2)

⇡n2

<latexit sha1_base64="D4abS5W7TLg+NuOCUgC0rUEneo0="></latexit>
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A second example of a frequency response

n This DTFT is not separable!  It can be shown that

n Note: While this DTFT is not separable, it IS rotation invariant 
in both time and frequency

!1

<latexit sha1_base64="/GreKD1RskK0O6fRqsYo0d4LIho=">AAAB8HicbVBNSwMxEJ2tX3W1WvXoJVgKnsquCNZbQRCPFeyHtEvJpmkbmmSXJCuUpb/CiwdFvHjwZ/gTvPlvzLY9aOuDgcd7M8zMC2POtPG8bye3tr6xuZXfdnd2C3v7xYPDpo4SRWiDRDxS7RBrypmkDcMMp+1YUSxCTlvh+CrzWw9UaRbJOzOJaSDwULIBI9hY6b4bCTrEPd/tFUtexZsBrRJ/QUq1wmdSvnbf673iV7cfkURQaQjHWnd8LzZBipVhhNOp2000jTEZ4yHtWCqxoDpIZwdPUdkqfTSIlC1p0Ez9PZFiofVEhLZTYDPSy14m/ud1EjOoBimTcWKoJPNFg4QjE6Hse9RnihLDJ5Zgopi9FZERVpgYm1EWgr/88ippnlX888rlrU2jCnPk4RhO4BR8uIAa3EAdGkBAwCM8w4ujnCfn1Xmbt+acxcwR/IHz8QN27JJw</latexit>

!2

<latexit sha1_base64="nJEzlI5o09nRSku7hw+oAbkmRRE=">AAAB8HicbVBNSwMxEJ31s65Wqx69BEvBU9ktgvVWEMRjBfsh7VKyadqGJpslyQpl6a/w4kERLx78Gf4Eb/4bs20P2vpg4PHeDDPzwpgzbTzv21lb39jc2s7tuLt7+f2DwuFRU8tEEdogkkvVDrGmnEW0YZjhtB0rikXIaSscX2V+64EqzWR0ZyYxDQQeRmzACDZWuu9KQYe4V3F7haJX9mZAq8RfkGIt/5mUrt33eq/w1e1LkggaGcKx1h3fi02QYmUY4XTqdhNNY0zGeEg7lkZYUB2ks4OnqGSVPhpIZSsyaKb+nkix0HoiQtspsBnpZS8T//M6iRlUg5RFcWJoROaLBglHRqLse9RnihLDJ5Zgopi9FZERVpgYm1EWgr/88ippVsr+efny1qZRhTlycAKncAY+XEANbqAODSAg4BGe4cVRzpPz6rzNW9ecxcwx/IHz8QN4cZJx</latexit>

R

<latexit sha1_base64="8MwhZS5LJ9PVM71ZvHNtUXi5dbg=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7IhgrAzaWiZgLJEuYnZwkY2Znl5lZISwprWwsFLH1KVL5EHY+gy/h5FJo4g8DH/9/DnPO8SPOlHacLyu1tLyyupZez2xsbm3vZHf3qiqMJcUKDXko6z5RyJnAimaaYz2SSAKfY83vX43z2j1KxUJxqwcRegHpCtZhlGhjlW9a2ZyTdyayF8GdQe7yY1T+fjgclVrZz2Y7pHGAQlNOlGq4TqS9hEjNKMdhphkrjAjtky42DAoSoPKSyaBD+9g4bbsTSvOEtifu746EBEoNAt9UBkT31Hw2Nv/LGrHuFLyEiSjWKOj0o07MbR3a463tNpNINR8YIFQyM6tNe0QSqs1tMuYI7vzKi1A9zbtn+YuykysWYKo0HMARnIAL51CEayhBBSggPMIzvFh31pP1ar1NS1PWrGcf/sh6/wF0x5Eg</latexit>

H(ej!1 , e
j!2) =

⇢
1, !

2
1 + !

2
2  R

2

0, otherwise

<latexit sha1_base64="reD2tTegpfBeLvShjCVnUb7fJSI="></latexit>

h[n1, n2] =
!c

2⇡
p

n2
1 + n2

2

J1

✓
!c

q
n2
1 + n2

2

◆

<latexit sha1_base64="8QiQ6eYWXaWtjrTwCbgEhizVlHM="></latexit>
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2-dimensional z-transforms

n In a similar fashion to the 1-D case, we build up z-transforms 
by modeling time functions as linear combinations of the 
function

n In particular,

and

zn1
1 zn2

2 =
�
r1e

j!1
�n1

�
r2e

j!2
�n2

<latexit sha1_base64="IArO2RTy2Xxgwqlcsd14EgXCbQ8="></latexit>

H(z1, z2) =
1X

n1=�1

1X

n2=�1
h[n1, n2]z

�n1
1 z

�n2
2

<latexit sha1_base64="gJO9uD+4syC4YbWLb1TCp8gMn3Y="></latexit>

h[n1, n2] =
1

2⇡j)2

Z

C1

Z

C2

H(z1, z2)z
n1�1
1 z

n2�1
2 dz1dz2

<latexit sha1_base64="TUVd+84OE9fykjwaXoakAUGb1OA="></latexit>
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An example 2-D z-transform

n Consider the simple space function

n The corresponding z-transform is

which converges for 

x[n1, n2] =

⇢
Kn1 , n1 = n2 and n1 � 0

0, otherwise

<latexit sha1_base64="oZNQtNDPvvUDtHqhfv2dr54xYNs="></latexit>

X(z1, z2) =
1X

n1=�1

1X

n2=�1
Kn1�[n1 � n2]z

�n1
1 z�n2

2 u[n1, n2]

<latexit sha1_base64="Z4PYXwqimPY6AUD3WiXcO+aZN9Q="></latexit>

=
1X

n1=0

Kn1(z1z2)
�n1 =

1

1�Kz�1
1 z�1

2

<latexit sha1_base64="8VtBvXgyEt2ik7O7scC/aoL5jg4="></latexit>

|Kz�1
1 z�1

2 | < 1

<latexit sha1_base64="dCYZiz7L7mPVhG2aRESX0rJ5VA8=">AAACAHicbVC7SgNBFJ2NrxhfaxQEbQaDYGPYDYIRLAI2ik0E84BkXWYnk2TI7IOZWSHZbGPlJ9jbWChi62fY+SeWTjYpNPHA5R7OuZeZe5yAUSEN40tLzc0vLC6llzMrq2vrG/pmtir8kGNSwT7zed1BgjDqkYqkkpF6wAlyHUZqTu985NfuCBfU925kPyCWizoebVOMpJJsfWd4NbDN2+jIjAd2IelDeAZNW88ZeSMBnCXmhORKu9uX2ceH77KtfzZbPg5d4knMkBAN0wikFSEuKWYkzjRDQQKEe6hDGop6yCXCipIDYniglBZs+1yVJ2Gi/t6IkCtE33XUpItkV0x7I/E/rxHKdtGKqBeEknh4/FA7ZFD6cJQGbFFOsGR9RRDmVP0V4i7iCEuVWUaFYE6fPEuqhbx5nD+9VmkUwRhpsAf2wSEwwQkogQtQBhWAQQyewAt41e61Z+1Nex+PprTJzhb4A+3jB0zxl90=</latexit>



Slide 22 ECE Department

The fundamental curse of 2D-DSP

X(z1, z2) =
1

1�Kz�1
1 z�1

2

<latexit sha1_base64="v3eElnCgGn8nzZwZpNrpWcJSXLo="></latexit>



Slide 23 ECE Department

The fundamental curse of 2D-DSP

n Comments: no poles and zeros (!), so
– No easy tests for stability

– No parallel or cascade implementations

– No Parks-McClellan algorithm

– etc. etc.  

X(z1, z2) =
1

1�Kz�1
1 z�1

2

<latexit sha1_base64="v3eElnCgGn8nzZwZpNrpWcJSXLo="></latexit>
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The 2-dimensional discrete Fourier transform

n The 2D-DFT is derived in a fashion similar to how it had been in 
1-D.  Specifically:

and

n Comments:
– Multiplying coefficients in frequency corresponds to a 2-D circular 

(“toroidal”) convolution in space

– Overlap-add, overlap-save algorithms are still valid

H[k1, k2] =
N1�1X

n1=0

N2�1X

n2=0

h[n1, n2]W
k1n1
N1

W
k2n2
N2

<latexit sha1_base64="DcpOA6yspONMQrar8AtGsBn8RSU="></latexit>

h[n1, n2] =
1

N1N2

N1�1X

k1=0

N2�1X

k2=0

H[k1, k2]W
�k1n1
N1

W
�k2n2
N2

<latexit sha1_base64="OFWJaszNSUxHTEmZ95+HC9IjuXU="></latexit>
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Computing the 2-D DFT

n Again, the 2D-DF is

n This can be rewritten as

n Let

then

H[k1, k2] =
N1�1X

n1=0

N2�1X

n2=0

h[n1, n2]W
k1n1
N1

W
k2n2
N2

<latexit sha1_base64="DcpOA6yspONMQrar8AtGsBn8RSU="></latexit>

H[k1, k2] =
N1�1X

n1=0

W
k1n1
N1

N2�1X

n2=0

h[n1, n2]W
k2n2
N2

<latexit sha1_base64="6Wz7nY46EkQqV9OgB1XVpA/5BtY="></latexit>

N2�1X

n2=0

h[n1, n2]W
k2n2
N2

⌘ g[n1, k2]

<latexit sha1_base64="JGUUZ5g15E7nfrjV6VzB0hg/TAY="></latexit>

H[k1, k2] =
N1�1X

n1=0

g[n1, k2]W
k1n1
N1

<latexit sha1_base64="qeLZnvVpDaaSyinyGc/YVOxTUCA="></latexit>
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Computing the 2-D DFT

n To compute the 2-D DFT:
– Compute the 1-D DFT of each column and replace in the column

– Compute the row-wise DFTs of the resulting coefficients

n Comments:
– This always works… x[n1,n2] need not be separable or anything else

– Huge computational savings
» For example: let N1=N2=1024≈1000

» Direct computation of 2D-DFT ≈ 1012 complex mults!

» Using the row/column shortcut we have ≈ 2 109 complex mults

» Using the shortcut and FFT algorithms leaves only 107 complex mults
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Some summary observations about 2D-DSP

n Many things are obvious extensions of 1-D DSP
– Linearity and shift invariance

– Convolution sum, difference equations

– 2-D DTFTs

– 2-D DFTs

n Some things are fundamentally different:
– 2-D z-transforms

» No poles and zeros as we know them
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Some summary observations about 2D-DSP

n Some other things to keep in mind:
– Tradeoff between separability and rotation invariance 

– Physical significance of 2-D complex exponentials 

– Efficiencies provide by separability 

– Efficient computation of the 2-D DFT 

n Next topic of discussion:
– 2-D discrete-space filter design
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The general 2-D filter design problem
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Designing digital filters in two dimensions

n We will focus on FIR designs for now because of stability 
issues with IIR filters (despite computational efficiencies)

n Major FIR techniques:
– Window designs

– Frequency-sampled design

– Parks-McClellan algorithm

n For the most part, 2-D FIR filters are designed by using 
successful 1-D techniques and extending to 2-D

n Zero-phase filtering is much more important in 2D than 1D
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2-dimensional FIR design using windows

n Let

n Separable window approach: 

n Rotation-invariant window approach:

where w[n] is a successful 1-D window, usually a Kaiser window 

h[n1, n2] = hd[n1, n2]w[n1, n2]

<latexit sha1_base64="2xOZAROYR+iVPisXsyiDdSe0A6Q=">AAACDHicbVBLSwMxGMz6bOur6kXwEiyCBym7RbAehKIXjxXsA7bLks1m29BsdkmySl0KXr34VwTxoIhXf4A3wR9j+qBo60BgMjMfyTdezKhUpvllzM0vLC4tZ7K5ldW19Y385lZdRonApIYjFommhyRhlJOaooqRZiwICj1GGl73fOA3romQNOJXqhcTJ0RtTgOKkdKSmy90bO5ah9wtOfAUdlx/cr2ZMJ0yi+YQcJZYY1Ko7Nx+Z++ezqpu/rPlRzgJCVeYISlty4yVkyKhKGakn2slksQId1Gb2JpyFBLppMNl+nBfKz4MIqEPV3Co/p5IUShlL/R0MkSqI6e9gfifZycqKDsp5XGiCMejh4KEQRXBQTPQp4JgxXqaICyo/ivEHSQQVrq/nC7Bml55ltRLReuoeHKp2yiDETJgF+yBA2CBY1ABF6AKagCDe/AIXsCr8WA8G2/G+yg6Z4xntsEfGB8/gWucXA==</latexit>

w[n1, n2] = w[n1]w[n2]

<latexit sha1_base64="MoJpQxA1+RhTXShSZQaJCwl8BNY=">AAACAnicbVDLSgMxFM3UV1tfVTeKm2ARXEiZKYJ1IRTduKxgHzAdhkyaaUMzmSHJKHUouvBX3LhQ1K1f4U7wY8y0XWjrgYSTc+7l5h4vYlQq0/wyMnPzC4tL2Vx+eWV1bb2wsdmQYSwwqeOQhaLlIUkY5aSuqGKkFQmCAo+Rptc/T/3mNRGShvxKDSLiBKjLqU8xUlpyCzs3NnetQ+6WHXgKRw8nvcuOWyiaJXMEOEusCSlWt2+/c/dvZzW38NnuhDgOCFeYISlty4yUkyChKGZkmG/HkkQI91GX2JpyFBDpJKMVhnBfKx3oh0IfruBI/d2RoEDKQeDpygCpnpz2UvE/z46VX3ESyqNYEY7Hg/yYQRXCNA/YoYJgxQaaICyo/ivEPSQQVjq1vA7Bml55ljTKJeuodHKp06iAMbJgF+yBA2CBY1AFF6AG6gCDO/AInsGL8WA8Ga/G+7g0Y0x6tsAfGB8/Lj2Y/g==</latexit>

w[n1, n2] = w

q
n2
1 + n2

2

�

<latexit sha1_base64="erCVxv4RKDJMQeNUorCtn9MLYsA="></latexit>
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A lowpass example using a separable window

n Separable 9x9 Kaiser window, ωc = 0.4π 
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LPF example with a rotation-invariant window

n Rotation-invariant 9x9 Kaiser window, ωc = 0.4π 
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The frequency-sampling approach

n 15 x 15-point design using frequency sampling
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Optimum 2-D FIR filters

n General approach:
– Design optimal 1-D filter using Parks-McClellan algorithm

– Transform from 1-D to 2-D using method also developed in McClellan 
thesis (!)

H(!1,!2) = H(!) |!=G(!1,!2)

<latexit sha1_base64="OzZtGJc+lYLjQFrwdYSKcxGastQ=">AAACMnicbVDLSsNAFJ34rPVVdekmWAQFKUkpWBeFggvrroLVQlPCZHrTDk4ezNwIJfab3PglggtdKOLWj3DaRvDRAwOHc+7hzj1eLLhCy3o25uYXFpeWcyv51bX1jc3C1vaVihLJoMUiEcm2RxUIHkILOQpoxxJo4Am49m5Ox/71LUjFo/AShzF0A9oPuc8ZRS25hfPGgRMF0KeufZSR8mHtWzx0BPhYciTvD/DOTadq7WxGZuQWilbJmsD8T+yMFEmGplt4dHoRSwIIkQmqVMe2YuymVCJnAkZ5J1EQU3ZD+9DRNKQBqG46OXlk7mulZ/qR1C9Ec6L+TKQ0UGoYeHoyoDhQf72xOMvrJOhXuykP4wQhZNNFfiJMjMxxf2aPS2AohppQJrn+q8kGVFKGuuW8LsH+e/J/clUu2ZXSyUWlWK9mdeTILtkjB8Qmx6ROGqRJWoSRe/JEXsmb8WC8GO/Gx3R0zsgyO+QXjM8vvt2pRQ==</latexit>
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The general approach
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The McClellan transformation

n As you will recall,

n The 2-D response is obtained by

H(!) =
NX

n=�N

h[n]e�j!n = h[0] +
NX

n=1

2h[n]cos(!n)

<latexit sha1_base64="Zil+kkhbeLLrPK8Fg8IPqhzL4aM="></latexit>

=
NX

n=0

a[n] cos(!n) =
NX

n=0

b[n](cos(!n))n

<latexit sha1_base64="BWwwlEvXnJto7zjt5wFPtpCLuKE=">AAACMXicbVBLawIxGMz2ae3LtsdeQqWgF9ktQu1BEHrxVCzUB7irZGPUYB5Lki3I4l/qpf+k9OKhpfTaP9H4OFTtQGCYmS/JN2HEqDauO3W2tnd29/ZTB+nDo+OT08zZeUPLWGFSx5JJ1QqRJowKUjfUMNKKFEE8ZKQZju5nfvOZKE2leDLjiAQcDQTtU4yMlbqZatnXMe8mouxOOg8QtUXgY6lzvuRkgKDIQ1iGK5HQRmBuNZTv2KuybsGdA24Sb0myYIlaN/Pm9ySOOREGM6R123MjEyRIGYoZmaT9WJMI4REakLalAnGig2S+8QReW6UH+1LZIwycq38nEsS1HvPQJjkyQ73uzcT/vHZs+qUgoSKKDRF48VA/ZtBIOKsP9qgi2LCxJQgrav8K8RAphI0tOW1L8NZX3iSNm4JXLNw9FrOV0rKOFLgEVyAHPHALKqAKaqAOMHgB7+ADfDqvztT5cr4X0S1nOXMBVuD8/AJI0afL</latexit>

H(!1,!2) = H(!)|cos(!)=T (!1,!2)
=

NX

n=0

b[n]T [!1,!2)]
n

<latexit sha1_base64="TXuLfrCznw5maROT/dxBEhsfUCo="></latexit>
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The 2-D to 2-D transform

n From before,

n This can be expressed as

H(!1,!2) = H(!)|cos(!)=T (!1,!2)
=

NX

n=0

b[n]T [!1,!2)]
n

<latexit sha1_base64="TXuLfrCznw5maROT/dxBEhsfUCo="></latexit>

T (!1,!2) =
X

n1

X

n2

t[n1, n2]e
�j!1n1e�k!2n2

<latexit sha1_base64="p4XOxh8pwlIseQnXTUcKMJJ2xRs="></latexit>

=
X

n1

X

n2

c[n1, n2] cos(!1n1) cos(!2n2)

<latexit sha1_base64="j0e+lHabAy+WfRZu1nbuJixxCis=">AAACLXicbZDLSgMxFIYz9V5voy7dBIvQgpSZUrAuBEEXLhXsBTrDkEnTNjSXIckIZegLufFVRHChiFtfw/Qi1NYDgY/vnJCcP04Y1cbz3p3cyura+sbmVn57Z3dv3z04bGiZKkzqWDKpWjHShFFB6oYaRlqJIojHjDTjwfW433wkSlMpHswwISFHPUG7FCNjVeTeXAY65VEmIn8Ef7EygrhtzZnFEAZY6mIgOemhyLe2NC8qdqQUuQWv7E0KLoM/gwKY1V3kvgYdiVNOhMEMad32vcSEGVKGYkZG+SDVJEF4gHqkbVEgTnSYTbYdwVNrOrArlT3CwImdv5EhrvWQx3aSI9PXi72x/K/XTk23FmZUJKkhAk8f6qYMGgnH0cEOVQQbNrSAsKL2rxD3kULY2IDzNgR/ceVlaFTKfrV8cV8tXNVmcWyCY3ACisAH5+AK3II7UAcYPIEX8A4+nGfnzfl0vqajOWd25wj8Kef7B5C2pw8=</latexit>
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A particularly common special case

n An example often used in practice:

n The corresponding sequences t[n1,n2] and c[n1,n2]:

T (!1,!2) =
1

2
cos(!1) +

1

2
cos(!2) +

1

2
cos(!1!2)�

1

2

<latexit sha1_base64="U0w9oUe6vbAR12xOhc9jsl0UyWg=">AAACX3icdVHNa8IwHE27D506122nsUuZDJRt0hZh7jAQdtnRgV9gRdKYajBtSpIKUvwndxvssv9kUYs4nQ8Cj/fej1/y4kWUCGlZX5p+dHxymsme5fKF8+KFcXnVESzmCLcRo4z3PCgwJSFuSyIp7kUcw8CjuOtN35Z+d4a5ICxsyXmEBwEch8QnCEolDY1Zq+yyAI/h0H5MiVN5dX0OUWIvEmfhIiY2kcrDAcc56NibxNNWYmiUrKq1grlP7JSUQIrm0Ph0RwzFAQ4lolCIvm1FcpBALgmieJFzY4EjiKZwjPuKhjDAYpCs+lmY90oZmT7j6oTSXKnbEwkMhJgHnkoGUE7ErrcU//P6sfTrg4SEUSxxiNaL/JiakpnLss0R4RhJOlcEIk7UXU00gaoFqb4kp0qwd5+8TzpO1a5VXz5qpUY9rSMLbsEdKAMbPIMGeAdN0AYIfGu6ltcK2o+e0Yu6sY7qWjpzDf5Av/kFoTa0pA==</latexit>
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Equivalent contours in 1-D and 2-D 
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An example frequency response

n 1-D filter: n 2-D filter
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Implementation based on 1-D to 2-D transforms

n The transfer function:

n Efficient implementation:

n Comment: overlap-add, FFTs, etc. can be used here as well

H(!1,!2) =
NX

n=0

b[n] [T (!1,!2)]
n

<latexit sha1_base64="8WVRV2ndNSkvBmoMKKk1iWTsKIs="></latexit>
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