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pring Semester, 20S  23

QUIZ 2

Two hours Closed book
April 5, 2023 One sheet of notes

We list below the ground rules governing the quiz:

• The exam is open book, and you can refer to your own class notes as well, as well as the
class notes and text for 18-290 (or a similar pre-requiste signals and systems course taken
elsewhere). Reading notes from the screen is also permitted. You are not allowed to search
the internet for help in answering the questions. While this is difficult to enforce, the internet
is unlikely to be helpful on this exam, and you will be given no credit for insights that appear
to come from sources other than the course materials.

• Similarly, you are not allowed to use MATLAB to obtain your solutions, and it will not
be helpful in any case. You may use the calculator on your telephone if you wish. Please
keep your phones on airplane mode. Texting and phone calls during the exam are strictly
prohibited.

Reminder: Be sure to think about ways of answering the questions using reasoning, transform
properties, etc., before resorting to brute-force solutions. Please note that the questions are ordered
more or less in the sequence that the topics appeared in the course, and they may not be in order
of difficulty. In addition, to the greatest extent possible subparts of the questions will be graded
independently based on your prior answers to the question.
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Question 1: (25%):

<latexit sha1_base64="Yd3OFRWDcSyROvLwlgF1AQoW47Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6Ma8MqjW37s5BVolXkBoUaA6qX/1hxBKJyjJBjel5bmz9lGrLmcBZpZ8YjCmb0BH2MqqoROOn81tn5CxThiSMdFbKkrn6eyKl0pipDLJOSe3YLHu5+J/XS2x466dcxYlFxRaLwkQQG5H8cTLkGpkV04xQpnl2K2FjqimzWTx5CN7yy6ukfVH3rutXD5e1xmURRxlO4BTOwYMbaMA9NKEFDMbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIQMjd0=</latexit>⇡
<latexit sha1_base64="so8SIh6S3RudtxzhupWxCm0BPTw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikVY8FLx4rmLbQhrLZbtqlm82yuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzIsmZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW6eZIjQgKU9VN8KaciZoYJjhtCsVxUnEaSea3M39zhNVmqXi0UwlDRM8EixmBBsrBW6jL9mgWvNcbwG0TvyC1KBAa1D96g9TkiVUGMKx1j3fkybMsTKMcDqr9DNNJSYTPKI9SwVOqA7zxbEzdGGVIYpTZUsYtFB/T+Q40XqaRLYzwWasV725+J/Xy0x8G+ZMyMxQQZaL4owjk6L552jIFCWGTy3BRDF7KyJjrDAxNp+KDcFffXmdtK9c/9ptPNRrzXoRRxnO4BwuwYcbaMI9tCAAAgye4RXeHOG8OO/Ox7K15BQzp/AHzucPMAuOQA==</latexit>

.5⇡
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<latexit sha1_base64="XIAOkXptmr+7HVYJq0lkjd2Fjdw=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjBLJAMoafTkzTpZejuEcKQj/DiQRGvfo83/8aeZA6a+KDg8V4VVfWihDNjff/bK62tb2xulbcrO7t7+wfVw6O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rc5X7niWrDlHy004SGAo8kixnB1kmdvhJ0hCuDas2v+3OgVRIUpAYFmoPqV3+oSCqotIRjY3qBn9gww9oywums0k8NTTCZ4BHtOSqxoCbM5ufO0JlThihW2pW0aK7+nsiwMGYqItcpsB2bZS8X//N6qY1vw4zJJLVUksWiOOXIKpT/joZMU2L51BFMNHO3IjLGGhPrEspDCJZfXiXti3pwXb96uKw1Los4ynACp3AOAdxAA+6hCS0gMIFneIU3L/FevHfvY9Fa8oqZY/gD7/MHxbaPKw==</latexit>!
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X(ej!)

<latexit sha1_base64="sQOqyKQ3SC9/qfUmQE0UYIEJA8w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkmpH8eCF48VTFtoQ9lsJ+3azSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dtbWNza3tgs7xd29/YPD0tFxUyeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsgHM04xiOlA8ogzaqzkP1a7Ke+Vym7FnYOsEi8nZcjR6JW+uv2EZTFKwwTVuuO5qQkmVBnOBE6L3UxjStmIDrBjqaQx6mAyP3ZKzq3SJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPdBBMu08ygZItFUSaIScjsc9LnCpkRY0soU9zeStiQKsqMzadoQ/CWX14lzWrFu6pc3tfK9VoeRwFO4QwuwINrqMMdNMAHBhye4RXeHOm8OO/Ox6J1zclnTuAPnM8fh1aOeQ==</latexit>

j2⇡

<latexit sha1_base64="EI9L5S0tYSBs9zgiuesAwwJnsk4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3tOqx4MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB5G7ut5+o0kyKRzONqR/hoWAhI9hYqXU1rvRi1i+W3LK7AFonXkZKkKHRL371BpIkERWGcKx113Nj46dYGUY4nRV6iaYxJhM8pF1LBY6o9tPFtTN0YZUBCqWyJQxaqL8nUhxpPY0C2xlhM9Kr3lz8z+smJrz1UybixFBBlovChCMj0fx1NGCKEsOnlmCimL0VkRFWmBgbUMGG4K2+vE5albJ3Xa49VEv1ahZHHs7gHC7Bgxuowz00oAkExvAMr/DmSOfFeXc+lq05J5s5hT9wPn8A8VeOsA==</latexit>�j2⇡

The figure above depicts the spectrum for a signal [n] that contains both periodic and aperiodic
components. The DTFT of the signal for |ω| ≤ π is

X(ejω) = j2π δ(ω − 0.3π)− j2πδ(ω + 0.3π) +

{
1− |ω|

0.4π , |ω| ≤ 0.4π
0, otherwise

(a) State whether the time function x[n] is purely even, odd, or neither. You must explain your
reasoning to receive full credit.

(b) State whether the time function x[n] is purely real, imaginary, or neither. You must explain
your reasoning to receive full credit.

M
<latexit sha1_base64="Qu2j9myZpsNhYXgSrqBSfWnf9to=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgqiRSH8uCG5cV7APSUCbTSTt0ZhJmJmIJ/QU3LhRx6w+582+ctFlo64ELh3Pu5d57woQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh5Db3u49UaRbLBzNNaCDwSLKIEWxy6cmXwaBac+vuHGiVeAWpQYHWoPrVH8YkFVQawrHWvucmJsiwMoxwOqv0U00TTCZ4RH1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/PD810U2QMZmkhkqyWBSlHJkY5Y+jIVOUGD61BBPF7K2IjLHCxNh4KjYEb/nlVdK5qHtX9cv7Rq3ZKOIowwmcwjl4cA1NuIMWtIHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w8URo48</latexit>

x[n]
<latexit sha1_base64="GMtmq9hn/Nt6vXL7qrvlgXDQsDk=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiTia1lw47KCfUAaymQyacfOZMLMRCyh/+DGhSJu/R93/o3TNgttPXDhcM693HtPmHKmjet+O6WV1bX1jfJmZWt7Z3evun/Q1jJThLaI5FJ1Q6wpZwltGWY47aaKYhFy2glHN1O/80iVZjK5N+OUBgIPEhYzgo2V2k/9yBdBv1pz6+4MaJl4BalBgWa/+tWLJMkETQzhWGvfc1MT5FgZRjidVHqZpikmIzygvqUJFlQH+ezaCTqxSoRiqWwlBs3U3xM5FlqPRWg7BTZDvehNxf88PzPxdZCzJM0MTch8UZxxZCSavo4ipigxfGwJJorZWxEZYoWJsQFVbAje4svLpH1W9y7rF3fntcZ5EUcZjuAYTsGDK2jALTShBQQe4Ble4c2Rzovz7nzMW0tOMXMIf+B8/gCHyo8S</latexit>

xd[m]

(c) The function x[n] is now downsampled by a factor of M , where xd[m] = x[mM ].

Carefully sketch and dimension Xd(e
jω′

), the DTFT of xd[m], for M = 4. Be sure to provide the
values of all critical amplitudes, areas, and frequencies.

(d) It is stated that the periodic component of xd[n] can be written in the form of A cos(ω0n+ φ).
Obtain values for the parameters A, ω0, and φ for M = 4.

(e) What is the largest integer value of the downsampling ratio M for which the time original func-
tion x[n] could be recovered from xd[m] via upsampling without incurring the effects of aliasing?

Copyright 2023, Richard M. Stern
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Question 2: (25%):

(a) The periodic time function x̃[n] has period 4 and is described by the following coefficients in
time:

• x̃[0] = 3

• x̃[1] = 2

• x̃[2] = 1

• x̃[3] = 2

Sketch and dimension X̃(ejω), the DTFT of the periodic function x̃[n] in terms of its DTFS coef-
ficients X̃[k]. (You do not need to calculate the coefficients X̃[k] explicitly.)

6-Point DFT

6-Point IDFT

6-Point IDFT6-Point DFT
x[n]

r[n]

s[n]

X[k] R[k]

S[k]

<latexit sha1_base64="uGFW6orWhATAuWRMlxqoyt5OUp0=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxhLuGoEcSLx4xkUcCK5kdemFk9uHMLAnZ8B1ePGiMVz/Gm3/jAHtQsJJOKlXd6e7yYsGVtu1vK7e2vrG5ld8u7Ozu7R8UD4+aKkokwwaLRCTbHlUoeIgNzbXAdiyRBp7Alje6mfmtMUrFo/BeT2J0AzoIuc8Z1UZy8SF9rHRjTkYX1WmvWLLL9hxklTgZKUGGeq/41e1HLAkw1ExQpTqOHWs3pVJzJnBa6CYKY8pGdIAdQ0MaoHLT+dFTcmaUPvEjaSrUZK7+nkhpoNQk8ExnQPVQLXsz8T+vk2j/2k15GCcaQ7ZY5CeC6IjMEiB9LpFpMTGEMsnNrYQNqaRMm5wKJgRn+eVV0rwsO9Wyc1cp1S6zOPJwAqdwDg5cQQ1uoQ4NYPAEz/AKb9bYerHerY9Fa87KZo7hD6zPH9SZkXA=</latexit>

ej4⇡k/6

(b) The function x[n] is finite in duration and defined by

x[n] =

{
x̃[n], 0 ≤ n ≤ 3
0, otherwise

The function x[n] undergoes the processing depicted above. Specifically, we observe that:

• X[k] is the 6-point DFT of x[n]

• R[k] = X[k]ej4πk/6

• S[k] = R[k]X[k]

• r[n] is the 6-point IDFT of R[k]

• s[n] is the 6-point IDFT of S[k]

1. Sketch and dimension r[n], the 6-point IDFT of R[k]

2. Sketch and dimension s[n], the 6-point IDFT of S[k]

Copyright 2023, Richard M. Stern
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Question 3: (25%):

The figure on the last page depicts a mixed-radix 8-point decimation-in-time FFT structure. Al-
though it is hard to see it in this fashion, the right column consists of two overlaid 4-by-4 butterfly
structures, one leading to the output points with even indices and one leading to the output points
with odd indices. Please detach the last page of this exam, put your name on it, and write your
answers directly on the sheet for this question. Turn in this page with your answer book.

(a) The inputs to the structure consist of the samples in time, x[0] through x[7]. Mark the diagram
to indicate which input line receives which input sample.

(b) The outputs of the structure consist of the DFT coefficients X[0] through X[7]. Mark the
diagram to indicate which output line corresponds to which DFT coefficient.

(c) The large arrows at the end of the right column and between the two column indicate multiplys
by the twiddle factors of the form Wnk

N = e−j2πnk/N . Indicate the values of each of these factors
Wnk
N that are not equal to 1. If any of the factors Wnk

N are equal to ±1 or ±j be sure to express
them in this form. You will receive maximum credit for the realization that produces a minimum
number of factors that are other than ±1 or ±j.
Again, remember to detach the page with your answer and turn it in with your exam book.

Question 4: (25%):

In our discussions of filter implementation we have avoided discussing filters with multiple poles
in the same location. Nevertheless, multiple poles in the same location do not pose any particular
problem for filter implementation.

As an example consider an LSI system with a single pole at z = 1/4, and a double pole at z = 1/2.
Assume also that the zeros of the system are at z = 3/4,−1,−2/3 and − 1/2. It can be shown
that the transfer function of the filter can be represented as

H(z) =
1 + 1.42z−1 − 0.125z−2 − 0.792z−3 − 0.25z−4

1− 1.25z−1 + .5z−2 − 0.062z−3

and (equivalently) as

H(z) =
80.3

1− 1
2z
−1 +

−14(
1− 1

2z
−1

)2 +
−110

1− 1
4z
−1 + 44.7 + 4z−1

Note: These expressions are correct within a multiplicative gain constant by which the entire
transfer function is multiplied. You are not being asked to determine the value of that constant.

(a) Using signal flow graph notation, draw the direct form II implementation of this filter.

(b) Using signal flow graph notation, draw the direct form II transposed implementation of
this filter.

(c) Using signal flow graph notation, draw the parallel form implementation of this filter using
second-order sections.
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