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QUIZ 1

110 minutes Open book
February 26, 2025 One sheet of notes

We list below the ground rules governing the quiz:

• The quiz is closed book, although you may consult one page of notes, written on both sides.
In addition, we will provide the tables of transforms and their properties from Chapters 2
and 3 of OSYP.

• Calculators are neither permitted nor useful for this exam.

• You will be given 10 sheets of blank printer paper, and you can use as many additional sheets
as you need (just ask for them). Since your answers will be scanned, please write all answers
in black ink, on both sides of the paper. Please write you name or initials on each sheet of
paper and number the sheets in the order that you would like us to read them.

Reminder: Be sure to think about ways of answering the questions using reasoning, transform
properties, etc., before resorting to brute-force solutions. Please note that the questions are ordered
more or less in the sequence that the topics appeared in the course, and they may not be in order
of difficulty. In addition, to the greatest extent possible subparts of the questions will be graded
independently based on your prior answers to the question.
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h[n]
y[n]x[n]

Question 1: (30%):

A stable LSI system is characterized by the transfer function

H(z) =
Y (z)

X(z)
=

1− 1
2z
−1

1− 2z−1

(a) Obtain an analytical expression for h[n], the unit sample response of the system using any
method.

(b) Write the difference equation that realizes the transfer function. You need not specify the initial
conditions, but remember that the system must be at initial rest when the input is first applied.

(c) Using any method, obtain a closed-form analytical expression for the output of the system when
the system’s input is

x[n] =

(
1

4

)n

u[n]

(d) Obtain an expression for the magnitude of the transfer function H(ejω) for all frequencies.

(e) Sketch and dimension the phase of H(ejω) for −π ≤ ω ≤ π.
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Question 2: (30%):

Short-duration pure tones are frequently used as signals in psychoacoustical experiments. In order
to avoid very rapid onsets and offsets (which are perceived as distracting clicks), it is typical to
gate the signals on and off gradually.

The figure above shows a cosine that is multiplied by a trapezoidally-shaped gating function g[n].1

Specifically, the signal depicted in the lower panel, x[n], is described by the equation

x[n] = g[n] cos(0.4πn)

The gating function g[n] is defined as follows:

g1[n] =


n+ 8, −7 ≤ n ≤ −3
5, −2 ≤ n ≤ 2
8− n, 3 ≤ n ≤ 7
0, otherwise

(a) The gating function g[n] can be thought of as the convolution of two finite-duration pulses:

g[n] = g1[n] ∗ g2[n]

where

g1[n] =

{
1, −L1 ≤ n ≤ L1

0, otherwise

and

g2[n] =

{
1, −L2 ≤ n ≤ L2

0, otherwise
1This figure is a simplification to clarify the principles of the signal processing. In an actual experiment, the

sampling frequency would be at least 20 kHz, the approximate duration of the tone pulse would be on the order of
200 ms, and the rise and fall times of the gating function would be on the order of 25 ms or more.
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1. What are the values of the constants L1 and L2 that would produce the function g[n] depicted
in the figure above?

2. Obtain a closed form analytical expression for G(ejω), the DTFT of the gating function g[n].

(b) The functions g[n] and x[n] depicted above are real and even. In real applications it is more
likely that signals would be constructed to start at n = 0. One example would be the signal
x2[n] = x[n− 7]. Obtain a closed-form analytical expression for the spectrum X2(e

jω), the DTFT
of x2[n].

Question 3: (40%):

Decimate by M

<latexit sha1_base64="mgT9Uv9qfQn1yESwFdmBA70+p8o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2A9IQ9lsN+3S3U3Y3Ygl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wepv7vUeqNIvlg5klNBB4LFnECDa59OTLYFituXV3AbROvILUoEB7WP0ajGKSCioN4Vhr33MTE2RYGUY4nVcGqaYJJlM8pr6lEguqg2xx6xxdWGWEoljZkgYt1N8TGRZaz0RoOwU2E73q5eJ/np+a6CbImExSQyVZLopSjkyM8sfRiClKDJ9Zgoli9lZEJlhhYmw8FRuCt/ryOule1b1mvXHfqLXcIo4ynME5XIIH19CCO2hDBwhM4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gASwI43</latexit>

x[n]

<latexit sha1_base64="xWayCKobX+pcd+pjjv/fTEQs+tk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7AekoWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8MOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMSaciZp1zDD6SBRFIuQ0344u8v9/hNVmsXy0cwTGgg8kSxiBJtc0r4MRvWG23QLoHXilaQBJTqj+tdwHJNUUGkIx1r7npuYIMPKMMLpojZMNU0wmeEJ9S2VWFAdZMWtC3RhlTGKYmVLGlSovycyLLSei9B2CmymetXLxf88PzXRbZAxmaSGSrJcFKUcmRjlj6MxU5QYPrcEE8XsrYhMscLE2HhqNgRv9eV10rtqetfN1kOr0XbLOKpwBudwCR7cQBvuoQNdIDCFZ3iFN0c4L86787FsrTjlzCn8gfP5AwsdjjI=</latexit>

s[n]

<latexit sha1_base64="7PbsunK/pUWUbBusb8ATrmWd+lo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7AekoWy2m3btZjfsbsQS+h+8eFDEq//Hm//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WqCG0TyaXqhVhTzgRtG2Y47SWK4jjktBtObnK/+0iVZlLcm2lCgxiPBIsYwcZKnaeB9kUwqNbcujsHWiVeQWpQoDWofvWHkqQxFYZwrLXvuYkJMqwMI5zOKv1U0wSTCR5R31KBY6qDbH7tDJ1ZZYgiqWwJg+bq74kMx1pP49B2xtiM9bKXi/95fmqi6yBjIkkNFWSxKEo5MhLlr6MhU5QYPrUEE8XsrYiMscLE2IAqNgRv+eVV0rmoe5f1xl2j1nSLOMpwAqdwDh5cQRNuoQVtIPAAz/AKb450Xpx352PRWnKKmWP4A+fzB56yjx0=</latexit>

xs[n]
<latexit sha1_base64="6I6rbUZ3M56DtFADAyi1H4ip4nA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7AekoWw2m3bt7ibsbsQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MOVMG9f9dkpr6xubW+Xtys7u3v5B9fCoo5NMEdomCU9UL8SaciZp2zDDaS9VFIuQ0244vpn53UeqNEvkvZmkNBB4KFnMCDZW6jwNIl8Eg2rNrbtzoFXiFaQGBVqD6lc/SkgmqDSEY619z01NkGNlGOF0WulnmqaYjPGQ+pZKLKgO8vm1U3RmlQjFibIlDZqrvydyLLSeiNB2CmxGetmbif95fmbi6yBnMs0MlWSxKM44MgmavY4ipigxfGIJJorZWxEZYYWJsQFVbAje8surpHNR9y7rjbtGrekWcZThBE7hHDy4gibcQgvaQOABnuEV3pzEeXHenY9Fa8kpZo7hD5zPH4ZEjw0=</latexit>

xd[m]

The block diagram above describes a somewhat unconventional downsampling system. In brief, an
input function x[n] is multiplied by a sampling function s[n] to produce the product xs[n]. The
function xs[n] is decimated to produce the output xd[m].

The input to the system x[n] is a discrete-time signal with the DTFT X(ejω) sketched below:

<latexit sha1_base64="xknC2IULagaUd996W9WjDljSWxI=">AAAB9XicbVDLSgNBEJyNrxhfUY9eFoMQL2FXgnoMePEYwTwg2YTZSW8yZh7LzKwSlvyHFw+KePVfvPk3TpI9aGJBQ1HVTXdXGDOqjed9O7m19Y3Nrfx2YWd3b/+geHjU1DJRBBpEMqnaIdbAqICGoYZBO1aAecigFY5vZn7rEZSmUtybSQwBx0NBI0qwsVKvXYZe+tCVHIZ4et4vlryKN4e7SvyMlFCGer/41R1IknAQhjCsdcf3YhOkWBlKGEwL3URDjMkYD6FjqcAcdJDOr566Z1YZuJFUtoRx5+rviRRzrSc8tJ0cm5Fe9mbif14nMdF1kFIRJwYEWSyKEuYa6c4icAdUATFsYgkmitpbXTLCChNjgyrYEPzll1dJ86LiX1aqd9VSrZzFkUcn6BSVkY+uUA3dojpqIIIUekav6M15cl6cd+dj0Zpzsplj9AfO5w8OzJIo</latexit>

X(ej!)
<latexit sha1_base64="HFfN7SoJjVTsSfZvpioIYkl4SnI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY8YLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS47ZfLLkVdwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtC4r3lWl2qiWauUsjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AI35jLQ=</latexit>

A

<latexit sha1_base64="hsDRmZhYFLj/4T85Hoq7AHFxe2c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2RmUK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx517Wr5lWlXs3jKMIZnEMVPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHr1GMyg==</latexit>

W
<latexit sha1_base64="M9MdE7RP2AEmtyolJGSKyuz8JvI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSL0YkmkqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKDxftfqnsVt05yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOEUbQje8surpHVZ9a6qtftauV7J4yjAKZxBBTy4hjrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPHxiljQE=</latexit>�W

<latexit sha1_base64="Yl60ar/9d5sZ9eKqEtzrJjRYIJ0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9iVoB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q95WgIzwoV/yavwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJsce0MXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtfFNmDGZpJZKslwUpxxZheavoyHTlFg+dQQTzdytiIyxxsS6gEouhGD15XXSvqwFV7X6fb3SqOZxFOEMzqEKAVxDA+6gCS0g8AjP8ApvnvJevHfvY9la8PKZU/gD7/MHi02PCg==</latexit>!

Please note that the signal x[n] is bandlimited in that
∣∣X(ejω)

∣∣ = 0 for W < |ω| ≤ π. The input
signal x[n] is multiplied by a sampling signal s[n] of the form

s[n] =

∞∑
r=−∞

δ[n− 4r]− δ[n− 2− 4r]

The function s[n] is sketched below for a few samples of n.

(a) It can be shown that for 0 ≤ ω < 2π, S(ejω) , the DTFT of s[n], is of the form

S(ejω) = a1δ(ω − π/2) + a3δ(ω − 3π/2)

Obtain values of the coefficients a1 and a3.

Please note: Although this question concerns the DTFT of a periodic time function, you do
NOT need to make use of the general techniques described in OSYP Chapter 8 that develop the
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DTFT for an arbitrary periodic time function. This problem can be solved easily by making use of
your knowledge of the DTFT of the periodic sampling function used in conventional downsampling
combined with the DTFT properties. Keep in mind that the function s[n] is periodic.

(b) Sketch and dimension Xs(e
jω), the DTFT of xs[n] which, as you know, is the product of x[n]

and s[n]. You may express your answer in terms of the coefficients a1 and a3 if you did not complete
part (a). Sketch Xs(e

jω) using the largest value of the bandwidth parameter W possible without
causing aliasing of the spectrum in the frequency domain.

(c) What is the value of the maximum bandwidth W that does not incur aliasing?

(d) The output of the decimation box is by definition

xd[m] = xs[Mm]

Based on your previous work on this problem, what is the largest value of the downsampling
parameter M that can be used that could enable x[n] to be recovered without distortion? You
must explain your reasoning to receive full credit.

(e) It is claimed that the original input x[n] can be recovered by using a system that is composed
of the following elements (you may not need all of them):

• Ideal sine and cosine generators

• Ideal lowpass filters

• Ideal adders and multipliers

• An ideal time expander for which the output is obtained by inserting L − 1 zeros between
each value of the input signal

Draw a block diagram of the system that will recover x[n] from xd[m]. You must specify the
amplitudes and frequencies of all wave generators, the cutoff frequencies and gains of all filters,
and the value of the parameter L of the time expander to receive full credit. There are, of course,
multiple correct solutions to this part of the question, but strive to be reasonably efficient in your
implementation.
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