726 Limpudse invariosce and the bilinear transformation are two methods for designing discrete-
trne Bilters. Both methods transform a continuous-time system function H (s) into adiscrete-

brnc svsiem funcuon H(2). Answer the following questions by indicating which method(s)

Pyield the desired rusult.
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

A minimum-phase continuous-time system has all its poles and zeros in the left-half s-
plane. If a minimum-phase continuous-time system is transformed into a discrete-time
system, which method(s) will result in a minimum-phase discrete-time system?

If the continuous-time system is an all-pass system, its poles will be at locations s in the
left-half s-plane, and its zeros will be at corresponding locations —sy in the right-halt
s-plane. Which design method(s) will result in an all-pass discrete-time system?
Which design method(s) will guarantee that

H(e)|,—g = Hc(GD)|g_¢?

If the continuous-time system is a bandstop filter, which method(s) will result in a
discrete-time bandstop filter?

Suppose that H{(z), Hy(z), and H(z) are transformed versions of H.(s), H.,(s), and
H (s). respectively. Which design method(s) will guarantee that H(z) = H1(2)H(z)
whenever Hq(s) = H.1(s)H (s)?

Suppose that Hq(z), H(z), and H(z) are transformed versions of H.{(s), H.(s), and
H .(s), respectively. Which design method(s) will guarantee that H(z) = H(z)+ H»(z)
whenever H (s) = Hq1(s) + Hpp(s)?

Assume that two continuous-time system functions satisfy the condition

H (i) |e_f”/2, Q >0,
Ho(jQ) |2, Q<.

If H{(z) and H(z) are transformed versions of H.1(s) and H.(s), respectively, which
design method(s) will result in discrete-time systems such that

Hl(('jw) _ le'f”/z. 0<w<m,

Hoelw) | e/™?, -7 <w<0?

(Such systems are called “90-degree phase splitters.”)



7.23. Consider a contNUOs-Lone Sy e g «m fenclion

This system is called an vitegrator. since the output v (1) 1s related to the input x. (1) by

o
»\(-(I):/ Ve (T)dT.
-0

Suppose a discrete-time systemis obtained by applying the bilincar transformation to H.(s).

(a)

(b)

(c)

What is the system function H(z) of the resulting discrete-time system? What is the
impulse response /[n]?

If x[n] is the input and y[n] is the output of the resulting discrete-time system, write the
difference equation that is satisfied by the input and output. What problems do you
anticipate in implementing the discrete-time system using this difference equation?
Obtain an expression for the frequency response H(e/®) of the system. Sketch the
magnitude and phase of the discrete-time system for 0 < |w| < . Compare them with
the magnitude and phase of the frequency response H¢(j$2) of the continuous-time
integrator. Under what conditions could the discrete-time “integrator™ be considered
a good approximation to the continuous-time integrator?

Now consider a continuous-time system with system function

G.(s) =s.

This system is a differentiator; i.e., the output is the derivative of the input. Suppose a
discrete-time system is obtained by applying the bilinear transformation to G.(s).

(d)
(e)

(f)

What is the system function G(z) of the resulting discrete-time system? What is the
impulse response g[n]?

Obtain an expression for the frequency response G(e!™) of the svstem. Sketch the
magnitude and phase of the discrete-time system for 0 < |w| < ». Compare them
with the magnitude and phase of the frequency response G.(,2) of the continuous-
time differentiator. Under what conditions could the discrete-time “differentiator” be
considered a good approximation to the continuous-time differentiator?

The continuous-time integrator and differentiator are exact inverses of one another.
Is the same true of the discrete-time approximations obtained by using the bilinear

transformation?



7.48. 1f an LTI continuous-time svsiem has a raticnal systen tunction, i

hen its anput and outpul
Si]tiSf)" an O]'dinﬂr'\‘ hni.‘dl' dirte rcntial cquauon with constant coctficients A ‘5[2‘]'idil.rd pro_
cedure in the simulation of such sysicins is to use finite-difference approximations to the
derivatives in the differential uqu:itions. In particular, since, for conlinuous differentiable
functions v (r),

= hm
dt T—0 T

it seems plausible that if 7 is “small enough,” we should obtain a good approximation if we
replace dye(1)/dt by [y (1) — vo(t — T))/T.

While this simple approach may be useful for simulating continuous-time systems, it is
not generally a useful method for designing discrete-time systems for filtering applications.
To understand the effect of approximating differential equations by difference equations, it
is helpful to consider a specific example. Assume that the system function of a continuous-
time system is

dy (1) [.\'((I) — ye(t T )J

Hq(s) =

s+c¢’
where A and ¢ are constants.
(a) Show that the input x.(r) and the output y.(¢) of the system satisfy the differential

equation
dy.(1)
Y b eyeln) = Ax (1),
d1
(b) Evaluate the differential equation atr = nT, and substitute
dye(t) N YeT ) — ye(nT —T)
dt t=nT T ‘

1.e., replace the first derivative by the first backward difference.

(¢) Define x[n] = x.(nT ) and y[n] = y.(nT ). With this notation and the result of part(b),
obtain a difference equation relating x[z] and v[n], and determine the system function
H(z) =Y (2)/ X (z) of the resulting discrete-time system.

(d) Show that, for this example,

H(@) = H$)__ -1y

1.c.. show that H(z) can be obtained directly from H .(s) by the mapping
1 — z_l
T
(It can be demonstrated thatif higher-order derivatives are approximated by repeated

application of the first backward difference. then the result of part (d) holds for higher-
order systems as well.)

§ =



(e) For the mapping of part (d), determine the contour in the z-plane to which the jg.
axis of the s-plane maps. Also, determine the region of the z-plane that correspongs
to the left half of the s-plane. If the continuous-time system with system functjop
H (s} is stable, will the discrete-time system obtained by first backward difference
approximation also be stable? Will the frequency response of the discrete-time system
be a faithful reproduction of the frequency response of the continuous-time system?
How will the stability and frequency response be affected by the choice of T?

(f) Assume that the first derivative is approximated by the first forward difference; i.e.,

~

dt t=nT T

dyc(t) _yeT +T)—yc(nT)

Determine the corresponding mapping from the s-plane to the z-plane, and repeat
part (e) for this mapping.



