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pring Semester, 20S  25

Problem Set 6

Issued: 2/27/25

Due: 3/14/25 at 0100 via Gradescope

Reading: During the week before Quiz 1 we introduced the DFS and the DFT, following mate-
rial in OSYP 8.0-8.6. We also discussed the differences between circular and linear convolution,
including the overlap-add (OLA) and overlap-save (OLS) algorithms, which enable us to imple-
ment linear convolution using a series of circular convolutions. In the week after the break we
will introduce the fast Fourier transform (FFT) algorithm, following the presentation in OSYP
Chapter 9. It is important that you know and understand the basic definitions of the DFS and the
DFT, their properties, and the differences and relationships between linear and circular convolution.

Problem 6.1:

Consider the time function

x[n] =

{
ejω0n, 0 ≤ n ≤ N − 1
0, otherwise

(a) Obtain a possibly-complex analytical expression (with no open sums) for X(ejω), the DTFT of
x[n].

(b) Find the N -point DFT X[k] of the N -point sequence x[n].

(c) Find the DFT of x[n] for the case ω0 = 2πr/N where r is an integer.

(d) Sketch |X[k]| for N = 4 and for ω0 equal to 3π/2 and 7π/4.
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Problem 6.2:
<latexit sha1_base64="w6lodRLvDYcEd7ayQZaYEQ1iQZY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cKpi2koWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOVMG9f9dipr6xubW9Xt2s7u3v5B/fCoo5NMEeqThCeqF2FNOZPUN8xw2ksVxSLitBtNbgu/+0iVZol8MNOUhgKPJIsZwaaQngIZDuoNt+nOgVaJV5IGlGgP6l/9YUIyQaUhHGsdeG5qwhwrwwins1o/0zTFZIJHNLBUYkF1mM9vnaEzqwxRnChb0qC5+nsix0LrqYhsp8BmrJe9QvzPCzIT34Q5k2lmqCSLRXHGkUlQ8TgaMkWJ4VNLMFHM3orIGCtMjI2nZkPwll9eJZ2LpnfV9O4vGy23jKMKJ3AK5+DBNbTgDtrgA4ExPMMrvDnCeXHenY9Fa8UpZ47hD5zPHxHKjjQ=</latexit>

x[n]

<latexit sha1_base64="e2zelx7T7+y7E3FU/kXfrKW8ENY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6pereo1ryt1N4+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/Tn4zm</latexit>n
<latexit sha1_base64="/RyNjpTJSF8U2jKBSt+6/lBz5nI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FL56kov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu7OvF654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns1Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz2My6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8BZfXibN86p3WfXuLyo1N4+jCEdwDKfgwRXU4Bbq0AAGA3iGV3hzhPPivDsf89aCk88cwh84nz98OY04</latexit>

N � 1

<latexit sha1_base64="BZ2Nbc5DkWWEnNZIfLMrkEKmtCg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPFi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuO2XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6V1WvcVmpuXkcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBj2uMuQ==</latexit>

A

Consider a finite-duration sequence that is zero for n < 0 and n > N , where N is even. The
z-transform of x[n] is denoted by X(z). Table 6.5 lists seven sequences obtained from x[n]. Listed
below are nine transforms, H1[k] through H9[k], that are obtained from X(z). For each sequence
in Table 6.5, find its DFT in this list. The size of the transform considered must be greater than
or equal to the length of the sequence gk[n]. For purposes of illustration only, assume that x[n] can
be represented by the envelope shown in the figure above.

• H1[k] = X(ej2πk/N )

• H2[k] = X(ej2πk/2N )

• H3[k] =

{
2X(ej2πk/2N ), k even
0, otherwise

• H4[k] = X(ej2πk/(2N−1))

• H5[k] = 0.5{X(ej2πk/N ) +X(ej2π(k+N/2)/N )}

• H6[k] = X(ej4πk/N )

• H7[k] = ej2πk/NX(e−j2πk/N )

• H8[k] = X(ej2π/N)(k+N/2))

• H9[k] = X(e−j2πk/N )
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Table 6.5Table 5.5
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Problem 6.3

The unit sample response of an LSI system is

h[n] =

{ (
1
3

)n
, 0 ≤ n ≤ 7

0, otherwise

The input to the system is

x[n] = δ[n]− δ[n− 5]

(a) Determine and sketch the linear convolution of x[n] and h[n].

(b) Determine and sketch the 16-point circular convolution of x[n] and h[n] for 0 ≤ n ≤ 15.

(c) Determine and sketch the 10-point circular convolution of x[n] and h[n] for 0 ≤ n ≤ 9.

Problem 6.4:

We would like to implement the linear convolution of a 20,000-point sequence with an FIR
impulse response that is 100 points long. The convolution is to be implemented by using
DFTs and inverse DFTs of length 2048.

(a) Suppose that the overlap-add method is used.

– What is the minimum number of 2048-point DFTs and the minimum number of 2048-
point inverse DFTs needed to implement the covolution for the entire 20,000-point se-
quence? Justify your answer.

– What are the values of n at the beginning and end of the first three subsequences of x[n]
that are used to implement the convolution?

(b) Now consider the implementation of the convolution described above using the overlap-
save algorithm.

– What is the minimum number of 2048-point DFTs and the minimum number of 2048-
point inverse DFTs needed to implement the convolution for the entire 20,000-point
sequence? Justify your answer.

– What are the values of n at the beginning and end of the first three subsequences of x[n]
that are used to implement the convolution?

– What are the values of n that represent the first and last points of the points that are
retained from the first three output sequences that result from the circular convolutions.

Copyright 2025, Richard M. Stern
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(c) Compare the number of multiplications incurred using the overlap-add method, the
overlap-save method, and direct convolution when the DFT calculation is performed in the
traditional fashion.

(d) As we will discuss in class, when N is a power of 2, an N -point DFT or inverse DFT
can be implemented in (N/2) log2(N) complex multiplications and (N/2) log2(N) complex
additions using the FFT. For the same filter and impulse response lengths considered in part
(a), compare the number of multiplications in the overlap-add method and direct convolution,
assuming that the FFT algorithm is used to implement DFTs for the overlap-add method.

MATLAB Problems

As always, please submit the following components of your answer to the written component of
your homework submission on Gradescope. An easy way to handle the code part of this is to use the
publish feature in MATLAB and submit the output .pdf to the Written assignment on gradescope.

• Answers to the written portions of the problems

• Your plots

• A pdf copy of your code

The MATLAB component of your submission should contain only your .m files, and would get sub-
mitted to Problem Set 6 - MATLAB. We appreciate your help in complying with these formatting
requests as it makes your work much easier to grade.

Problem C6.1:

Verify your answers to Problem 6.3 using the MATLAB routines fft and conv. Implement the
circular convolutions in the problem using DFTs and their inverses, which you can compute using
the fft and ifft commands in MATLAB.

Please complete this problem by filling in the details in the shell program main 6 1.m that is
provided.

Problem C6.2:

You are given a shell script main 6 2.m that you must complete.

(a) Write a MATLAB routine that implements the overlap-save algorithm. It should function
according to the following preamble:

function [y] = ovrlpsav(x,h,N)

% Overlap-Save method of block convolution

%

% [y] = ovrlpsav(x,h,N)

% y = output sequence

Copyright 2025, Richard M. Stern
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% x = input sequence

% h = unit sample response

% N = block length

%

Demonstrate that your routine works by convolving an input sequence of length 256 with a unit
sample response of size 64, using a block size of 100, with the input and unit sample both consisting
of a set of random numbers of the appropriate length. Show that results obtained using ovrlpsav

are identical to those obtained using direct convolution.

(b) Now consider the case of an input sequence of length 20,000 and a unit sample response of
length 100, as in Problem 6.4. Using your ovrlpsav program, implement the convolution using
random inputs and unit sample responses of the appropriate size, and block sizes 512, 1024, 2048,
and 4096. Measure the CPU time required to perform the convolution for each block size using
the MATLAB routine cputime (see its help file for details on its use). Plot CPU time versus block
size. Which block size enables this computation to be implemented with the least amount of CPU
time?

What to turn in to Gradescope:

• The code in wrapper main 6 2.m

• The completed function ovrlpsav.m

• All of the plots

Copyright 2025, Richard M. Stern


